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A periodic classical trajectory is a most important concept in Hamiltonian me¬ 
chanics, both at the classical and at the qnantnm level. A well known example is 
given by the old Bohr qnantization rnle, which is a condition on periodic trajecto¬ 
ries. Action-angle variables which parametrize periodic flow on the invariant torii 
are of fnndamental importance in modern theory of classical and qnantnm integrable 
models [Q. Fnrthermore, the only viable tool to investigate qnantnm chaos is the 
Gntzwiller (Selberg) trace formula which approximates energy spectrum of the 
quantum Hamiltonian in terms of periodic classical trajectories. 

For non-integrable models it is usually quite hard to obtain exact results, and 
in practice one often relies on numerical investigations. However, there are a num¬ 
ber of important exact results. Recently, the Arnold conjecture on the number of 
periodic classical trajectories in an arbitrary Hamiltonian system has been actively 
investigated |^, |Q. The conjecture states that on a compact phase space an ar¬ 
bitrary but T-periodic, explicitly time dependent Hamiltonian admits at least as 
many T-periodic classical trajectories as a function has critical points. It originates 
from problems in celestical mechanics that date back to the turn of the century, and 
until now it has only been verified in certain special cases [Q. 

A modern approach to the Arnold conjecture was developed by Floer [Q, who 
formulated it in terms of infinite dimensional Morse theory |^. His approach has 
been extensively investigated |^, and it has also found applications in other areas 
of theoretical physics, for example in topological held theories and strings [0. 

In the present Letter we shall attempt a formulation of the Arnold conjecture 
using quantum mechanical path integrals and the concept of supersymmetry. Our 
approach is in principle applicable to an arbitrary phase space without the com¬ 
pactness assumption [^, that a priori excludes several physically interesting 
examples. We consider a general, 2N dimensional phase space M. with local coordi¬ 
nates (j)^ and Poisson bracket {(f)^,(f)‘'} = |^. We assume is nondegenerate 

so that we can introduce its inverse, the symplectic two form We are 

interested in Hamiltonian dynamics on Ad, described by the action 



( 1 ) 


where is the symplectic potential, ~ pq in local Darboux coordinates [^. In 
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general, the Hamiltonian does not conserve energy i.e. it depends explicitly 

on time. We shall assnme that the external forces are T-periodic, so that = 

H{(p-, t + T). The Hamilton’s eqnations of motion are 

r= r-K{4>]t) = 0 ( 2 ) 

and we are interested in estimating a lower bound for the number of T-periodic 
classical trajectories, i.e. solutions to with 0^(0) = (j)^(T). It is sufficient to 
consider the case where these solutions are non-degenerate. 

If the Hamiltonian has no explicit time dependence, the number of periodic 
solutions can be bounded from below by the number of critical points of 
If we select the initial condition 0^(0) = 0o where 0o is a critical point of H, 
the conhguration 0^(f) = 0o is trivially a T-periodic solution of (|j) for any T. 
Consequently there are at least as many T-periodic solutions as there are critical 
points in H, consistent with the Arnold conjecture. On a compact M. Morse theory 
[§] relates this lower bound to topology: The number of critical points of H is 
bounded from below by the sum of the Betti numbers Bk = dimH^{A4, R), where 
R) is the /cth cohomology group. 

However, if there are external time dependent forces the previous argument fails 
since (time dependent) critical points of i^(0;f) do not solve (^). The problem to 
estimate a lower bound for the number of T-periodic solutions becomes now highly 
nontrivial. According to Arnold |^, on a compact Af the previous estimate 
should remain valid but this conjecture remains unproven |^. 

In the present Letter we attempt a quantum mechanical path integral approach 
to estimate a lower bound for the number of T-periodic solutions for a general, 
explicitly time dependent and T-periodic Hamiltonian. In particular, our approach 
should also apply in the physically interesting case of non-compact phase spaces. 
We construct our estimate as follows: 

T — periodic solutions to (^ } = ^ 1 

= J [d(j)\6[^>^ - ■ I det[6^dt + d^X^{t)] \ 

<i>{T)=m 
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> 


J[d(j)]6[(j)>" - det[5^;(9t + 


sign{ det[5^at + d^X^{t)] } 

^Spi)c —0 


( 3 ) 


( 4 ) 


We identify the last sum as an infinite dimensional version of the sum that appears 
in hnite dimensional Morse theory [Q, with S the Morse function. However, in 
general it is very difficult to extend results in hnite dimensional Morse theory to the 
present case: There is no minimum for ([^), and periodic solutions of (|]) are saddle 
points of (|^) with an inhnite Morse index. These problems have been addressed by 
Floer P], and we refer to 0] for a review. 

Here we shall use the path integral in (^, to dehne the sum in (^). We hnd that 
standard path integral techniques provide a tool to evaluate (|), at least at the level 
of heuristics peculiar to the Physics literature. In global Darboux coordinates, such 
path integrals have been previously investigated in and they are also intimately 
related to those in stochastic quantization [|^ . 

We shall employ two different versions of (^). The hrst version is obtained, when 
we introduce a commuting variable and two anticommuting variables c^, and 
write (El) as 


Z = 


c] [dc] exp{z J - c^d^X^c''} (5) 

0 


The second version emerges when we introduce an arbitrary non-degenerate metric 
tensor on the phase space A4, and use a Gaussian representation of the S- 
function. 

T . 


Z = lim 

a —>0 


c][dc] exp{z j - ^h) + 9^''P^lPv 


+ 4" 4“ 4- ]c^ } 


( 6 ) 


We have here added terms to the c, c part of the action which are proportional to 
the argument of the ^-function in (^. The operator 


Qfiydt T 
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is the pull-back of the covariant derivative on M with the metric connection of 
the matrix 




is usually called the Riemannian momentum map of H and Ch is the Lie derivative 
along the Hamiltonian vector field Xh- By construction, is independent of the 
metric on Ai. Furthermore, if the Hamiltonian flow determines an isometry on 
At so that ChQ = 0, the operator that appears in the c, c part of the action becomes 
antisymmetric. 

We shall first use (|) to show that our lower bound is independent of the fact, 
that time dependent external forces are present. For this, we observe that (^) 
has the canonical form of a Hamiltonian path integral in Darboux coordinates. In 
particular, in (j^) we identify as a canonical conjugate to 0^, while c^, are 
mutually canonically conjugated variables. Following |n.| we identify and 

as a basis of internal multiplication which is dual to the c^’s. We then define the 
equivariant exterior derivative 


dn = d + iu = c^Pp + 

and find that the Hamiltonian in (^) is the corresponding Lie derivative 

Ch = d]j = {d, in} = PpAj^ + 


In particular, since d = c^Pp is nilpotent we may view it as a BRST operator so 


that the path integral (Jg) has the standard Fradkin-Vilkovisky form [|l2 

T 


— 


cj [dcj exp [i 


- {d, i)} ] 


(7) 
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According to the Fradkin-Vilkovisky theorem [^], such path integrals are invariant 
under local variations of Since the external forces are T-periodic we can Fourier 
expand 

HiP; t) = H„(4,) + Y. (8) 


n^O 


where the coefficients Hn{(p) do not have any explicit f-dependence. In the following 
we shall assume that the critical points of Hq which is the average of id(0; t) over 
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the period T, are nondegenerate. In addition we shall assume that the |0| —>■ cxd 
asymptotic behaviour of t) is determined by On a compact phase space 

this is of course not a restriction, but on a non-compact phase space it means that the 
global properties of the theory are determined by Hq. Later on we shall elaborate 
more on this condition, at this moment it is sufficient to view it as a physically 
reasonable assumption: For example, if Hq corresponds to an anharmonic oscillator 
with potential energy Vo(g) = X 2 q‘^ + this means that the Hn{(f>) ~ 14(<?) for 
n 7 ^ 0 do not introduce terms that behave like 0{q^), etc. for large q. 

We set xjj = in and -00 = ^Ho so that "00 depends only on the constant mode Hq, 
and consider the change of variables 


e - e + Rn-e A0-0O) 

Jo 


in (1^ where denotes the variables (j)^, and c^. We hnd that its only 

effect is the shift 0 —>■ (1 — e)0 -|- e0o in (^). Consequently (J^) does not depend on 
the modes for n 0 0 , and in particular the lower bound (§) coincides with the 
lower bound obtained with the f-independent iLo( 0 ). 

We now consider the path integral (^: According to the previous arguments 
it is invariant under local variations of Hence it is sufficient to evaluate 

for the dominant, f-independent mode Fro(0) only. For this, we introduce the 
following Fourier-expansions (j)^{t) = (j)Q + 6(f)^{t) , ... , c^(t) = c^o + where 

00 , ... , c^o are the f-independent constant modes, and S(j)^{t) , ... , 5c^{t) are the 
f-dependent fluctuation modes. We change variables > a54>^ , —>• ^/a6c^ 

and 6c^ —>■ \/aSc^. The corresponding super-Jacobian in is trivial and in the 
a ^ 0 limit (H) localizes to the critical points of Ffo( 0 ) so that (j^) yields us the 
following lower bound 


T—periodic solutions to (2) } > 


sign det Wd^uHo 

dHo=0 


(9) 


for the number of T-periodic solutions to (|^). Notice that we have not assumed 
compactness of the phase space, and we have only used standard path integral 
techniques that are expected to be valid quite generally. At this point we can also 
better understand our condition, that for all t the large-10| asymptotic behaviour of 
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H{(p] t) is determined by Ho: Morse theory connects the invariance of the lower 
bound in (^) to the asymptotic large-behaviour of Hq. If this is changed by some 
Hn {n 7 ^ 0) in (|[), the argument by Fradkin and Vilkovisky fails to remove Hn since 
the corresponding variation ip ^ ip + dipn is ” large”. For a compact phase space this 
is not an issue. Indeed, we can relate (§) to the manifestly ff-independent Euler 
characteristic of M. as follows: If we dehne the nilpotent BRST operator 


Q 


a 9 d 


since Ch = {Q, ii' represent in the corresponding Fradkin- 

Vilkovisky form (|^). In particular, the path integral is invariant under local varia¬ 
tions of the form =-i/; —>■ 'p+d'ip. We introduce the conjugation Q — e~^Qe^ 
and select 9 = —F^^,c^Cp7r^ where n'^Pfj. = 5^ and is the connection for some met¬ 
ric on A4. We hnd 

Q = 1^0, + (p„ + (10) 

where is the Riemann curvature tensor on AI, and we recognize (pRf ) as the 

supersymmetry generator of the standard quantum mechanical N=1 supersymmetric 
nonlinear cr-model. Our conjugation leaves the path integral measure invariant, but 
shifts Pp —i> Pp + c^T^j^Cp. Selecting ^|; = g^^'^ppCi, we hnd that the corresponding 
(H) localizes to the Euler characteristic of the phase space Af, 


Z = f Pf [1-R^.p.Hc^] 

J M / 

For compact phase spaces we then conclude that is equivalent to 


k 

( 11 ) 

Notice that if all i? 2 fc+i = 0 and there are no degeneracies, (Q) is exactly the lower 
bound conjectured by Arnold [§], [|]. Notice also that on a non-compact M. we 
can not use the Fradkin-Vilkovisky argument to set Xjp^Cp —>■ g^'^PpCu in the path 
integral, since we can not change the asymptotic behaviour of Hq at inhnity. Indeed, 


T-^eriodic solutions to (2) } 



r A , 


> 

/ Pf [-R^npaCPc^] 

J Jvl Z 

— 
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for a non-compact phase space such as the r.h.s. of (p!l|) vanishes, while (P) is 
in general nontrivial. 

If the Hamiltonian flow generated by H defines an isometry of the metric tensor 
so that Cnd = 0, the operator that appears in the c, c part of the action in 
(P) is antisymmetric. Using standard properties of antisymmetric matrices we then 
conclude that the signs of our determinants coincide, and if we select orientation 
properly we have sign det = +1 for all terms in the r.h.s. of (P). In this 

way we obtain that for isometric Hamiltonians 


T—periodic solutions to (2) } = i: 1 (12) 

dHo=0 

if T is selected so that there are no degeneracies. Since for a compact phase space 
the r.h.s. coincides with the Euler character, we have verified that on compact M. 
isometric Hamiltonians exist only if odd Betti numbers B 2 k+i vanish. In standard 
Morse theory such isometric H are called perfect Morse functions, and we have 
established that this concept generalizes to the infinite dimensional context. 

For a compact phase space we can view ([Tl|), (p!2D as a path integral proof of the 
Lefschetz fixed point theorem [|I^ for an arbitrary and for an isometric Hamiltonian, 
respectively: According to Lefschetz, if F : Ad ^ Ad is a smooth map on a compact 
Riemannian manifold Ad which is homotopic to the identity and admits only isolated 
fixed points F[x] = x, the number of these fixed points is bounded from below by 
the Euler character of Ad. Furthermore, if F is an isometry this number coincides 
with the Euler character. In the present context, Hamilton’s equations of motion 
dehne a smooth mapping F : Ad —> Ad by F[0] = F[(j){t = 0)] —>■ (f>{T). The time 
evolution ensures that this mapping is homotopic to the identity, while the fixed 
point condition F[0] = (j) selects the T-periodic classical trajectories 0(0) = 0(T). 


Finally, we observe that the present construction can be given a very suggestive 
supersymmetry interpretation: We have already pointed out the similarity between 
(H) and the path integrals that appear in the Parisi-Sourlas approach to stochastic 
quantization [ 0 - Indeed, if we introduce the supercoordinates 9 and 9 and define 
the superfield ^^{9,9) = (j)^ + c^9 + uj^''(F9 + uj^'^p'^99, as in we find that in 
this superspace the action in admits a functional form which is identical to its 
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functional form (j^) in the original phase space, 


J dt{ ^ ^ J ^ - Hm } 

0 0 

Indeed, we argue that conceptually our localization formulas are nothing but gener¬ 
alizations of the Parish Sour las integral |]I 0 | , 


d^xdeS F{x‘^ + 99) = F(0) 


We shall now consider two examples [Q: Our hrst example is the canonical 
realization of classical spin. It employs phase space coordinates that are not of the 
Darboux form. The phase space is the two-sphere S'^ which is a compact manifold, 
and the classical action is S' = j fj' cos 6*0 — cos9 . The equations of motion (^) 
becomes sin0 ■ 6* = 0 and sin 0(0 — 1) = 0. For T = 27rn we have periodic solutions 
for any initial condition on S^. For other values of T, the only periodic solutions are 
0 = 0 and 9 = TT. These are the two critical points of the Hamiltonian Hq = jcos9, 
both with a Morse index signdet = -|-1. 

Suppose now T ^ 27m so that the only T-periodic classical trajectories are the 
two critical ponts at 0 = 0 and 0 = tt. We add an arbitrary time dependent force with 
period T described by some Hamiltonian ifi(0,0;f), for example a time dependent 
magnetic held. Now the critical points at 0 = 0 and 0 = tt cease to solve the 
classical equations of motion but according to (H) there are at least two T-periodic 
solutions. This result also follows directly from the Lefschetz hxed point formula 
ir^ . It is also consistent with the Arnold conjecture, since the Betti numbers for 
are Bq = B 2 = 1. In particular, the Hamiltonian how of Hq = jcos9 ^ jz dehnes 
an isometry of with its standard metric. If the time-dependence only dehnes a 
rotation of z in B? so that for all t we have an isometry, then (|^ implies that there 
are exactly two T-periodic classical trajectories for any value T 7 ^ 27m. 

The second example corresponds to a non-compact phase space. Hence the 
Lefschetz hxed point formula is not applicable, but our result (|^) should remain 
valid: We consider a charged particle of mass m constrained to move on the two- 
sphere with radius r in three dimensional Euclidean space, with equator on the 











X — y plane and in a gravitational potential V{x,y,z) = mgz. The phase space is 
now the cotangent bnndle Ff' x which is noncompact. In the absence of other 
interactions and for a generic T, the only T-periodic classical trajectories are those 
corresponding to the particle sitting at rest at z = ±r. These are both critical 
points of H with Morse index +1. If we now add arbitrary bnt T-periodic electric 
and magnetic helds, and if we also deform (bnt dont break) the sphere and toss 
it aronnd in three-space in an arbitrary bnt T-periodic manner, according to onr 
estimate there are still at least two T-periodic classical trajectories. 

In concinsion, we have investigated the space of T-periodic classical trajectories 
in a general, explicitly time dependent and T-periodic Hamiltonian system defined 
in an arbitrary phase space. In particniar, we have fonnd that at least formally, lower 
bonnds of the Lefschetz type can be generalized to estimate the nnmber of periodic 
classical trajectories also for non-compact phase spaces. Nnmerical investigations 
of some simple examples could provide interesting insight to the behaviour of such 
solutions. 

We thank M. Blau, V. Fock, A. Losev and O. Viro for discussions. 
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